Fourier series: coefficients, even and odd
extensions, convergence and Parseval

Ten problems on Fourier series: the orthogonality integrals of sines and cosines on [-m, 7], the
square wave with its Gibbs overshoot, the sawtooth f(x) = x and its value at the jump, the
cosine series of |x| and the sum of 1/(2k — 1)2, the series of x2 and the Basel sum 712/6, a
function of period 4 with the coefficients over L, the half-range sine series of x(;1 — x) and a
sum of alternating cubes, Parseval's identity for the sum of 1/n4, the complex form of e”x and
the alternating sum of 1/(1 + n2), and the periodic response of y” + 4y to a square wave, solved
term by term, with worked solutions and the mistakes of writing ao instead of ao/2, dividing
by m when the period is 2L, taking the series to equal f at a jump, treating cos nst as 0 and
leaving the ao term out of Parseval's identity.

BEFORE YOU START

A Fourier series writes a periodic function as a sum of sines and cosines whose
frequencies are whole multiples of one base frequency. Where a Taylor series matches a
function at one point, a Fourier series matches it over a whole period, and it works even
for functions with corners and jumps, such as a square wave, that have no Taylor series at
all. The coefficients come from one fact: on a full period, the sines and cosines are
orthogonal, so integrating the function against cos nz or sin nz picks out exactly one
coefficient, the way a dot product with a unit vector picks out one coordinate. Symmetry
halves the work, since an even function has only cosines and an odd one only sines. At a
jump the series lands on the average of the two sides, and Parseval's identity turns the
energy of the function into a sum of squared coefficients, which is how series such as

>~ 1/n* = 72 /6 get evaluated. The same expansion, in complex form, is the discrete
Fourier transform behind signal processing and spectral methods. These ten problems
compute coefficients, use symmetry and general periods, decide what the series converges
to and solve a forced oscillator one frequency at a time.

« Period 27. f(x) ~ % + 37 ., (a, cosnz + b, sinnz) with a,, = L J"_f(z) cosna dx and
b, = = [7_f(z) sinnz dz. The constant term is %, the average of f over a period.

+ Orthogonality. On [, 7|, [ sinmaz sinnz dz and [ cos mz cos nz dz are 0 for m # n
and 7 form = n > 1, and [ sin mz cos nz dz = 0 always.

- Period 2L. Replace nz by 22% and L [ by L [

« Symmetry. If f is even, every b, = 0 and a, = 2 [ f(z) cosnz dz. If f is odd, every

a, =0and b, = 2 [ f(z) sinnz dz. A function given only on [0, 7] can be extended

either way: the odd extension gives the half-range sine series, the even one the half-
range cosine series.

« Values at multiples of 7. sinnm = 0 and cosnm = (—1)".
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« Convergence (Dirichlet). For a piecewise smooth f, the series converges to f(z)
where f is continuous and to the average 1 (f(z~) + f(«")) at a jump, including the
jump where the periodic extension wraps around. Near a jump the partial sums
overshoot by about 9% of the jump (the Gibbs phenomenon), however many terms are
kept.

« Parseval. 1 [T f(z)?dz = é + > as1(a2 + B2).
« Complex form. f(z) ~ Y >

n=—00
1

3(an —iby) and ¢, = cy.

cne™ with ¢, = 5 [7 f(z)e”* dz. Forreal f, ¢, =

Builds on: Integration: substitution and parts, Trig identities, Series convergence tests:
geometric, divergence, integral, comparison and alternating

Problems

1. Compute f:r sin 3z sin 5z dz, f:r sin 4z dz and f:r cos2zsin7xdz,and difficulty
explain why each comes out as it does.

2. Find the Fourier series of the square wave of period 27, difficulty

fz) =

-1 —7<x<0
1 0<x<m,

and write out its first three nonzero terms.

3. Find the Fourier series of f(z) = z on —7 < z < 7, extended with difficulty
period 27. What does the series converge to at z = 7/2 and at z = 7?

4. Find the Fourier series of f(z) = |z| on [-7,7|,and useitatz =0to difficulty
1
find ¥,.., Gty

5. Find the Fourier series of f(z) = z2 on [—7, 7]. Evaluateitatz = wto difficulty
findy,., %,and at z = 0 to find ) Co

nzl n2

6. Let f have period 4, with f(z) =0for -2 < z < 0and f(z) =z for ~ difficulty
0 < z < 2. Find its Fourier series, and the value the series converges to at z = 2.
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7. Find the half-range sine series of f(z) = z(m — z) on [0, 7], and difficulty
evaluateitatz = n/2tofind1 — & + % — & +---.

8. Apply Parseval's identity to the series of z2 from Problem 5 to find ~ difficulty

anl #‘

9. Find the complex Fourier coefficients ¢, of f(z) =e*on —w <z <  difficulty

7, extended with period 27. Use the seriesatz = 0tofind ) _, %

10. Find the periodic solution of y” + 4y = f(x), where f is the square difficulty
wave of Problem 2, as a Fourier series, and give its first three nonzero terms.
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Answers
1.0, 7 and 0
2. f(z) ~ 4 (sinz + Lsin3z + Lsinbz +---)
3.2 ~2(sinz — sin2z + 3 sin3z — -+ ); it convergesto T atz = ZandtoOatz ==

2

4.|z| ~ % —2(cosz+ §cos3z + 5 cosbz + -+ ), andsz%zl2337

2
5Xm=%~

6. At x = 2 the series converges to 1

Pl ~
= = ~0.8225

7.z(r —z) ~ (sinz + 5 sin3z + 3z sin5z + - - - ), and the sum is g—; ~ 0.9689

8.2; :“— ~ 1.0823
9.cp = w andz an _ (

m(1—in)

I 1) ~ —0.3640

4 o 4

10.y = 3-sinz — - sin3z — 4

To5r sin bx —
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Worked solutions

Problem 1
Compute ffﬂ sin 3z sin 5z dz, [ fﬂ sin’? 4z dz and ffﬂ cos 2z sin Tz dz, and explain why each
comes out as it does.

The product-to-sum identity

sin 3z sin bx = %(cos 2x — cos 8x) sin Asin B = 3 (cos(A — B) — cos(A +
B)).
Over a whole number of periods a cosine
S :r coskrdx =0fork #0 has as much area above the axis as
below.

The same identity with A = B: the

sin® 4z = 1(1 — cos 8z) :
cos 0 = 1 term survives.

f :T sdr=m Only the constant contributes.

The last integrand cos 2z sin 7z is odd, so
its integral over [—, ] is 0 without any

0,rand 0 work. These three facts are why
integrating against sin nx picks out b,
alone.

Problem 2
Find the Fourier series of the square wave of period 2,

f(z) =

-1 —7T<z<0
1 0<z<m,

and write out its first three nonzero terms.

fisodd, so f(z)cosnz is odd and
a, = 0 for every n : _
integrates to 0; that includes ay.

9 pm . For an odd function, twice the integral
b, = = [, sinnzdz
™ over [0, .
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— %(1—cosmr) = %(1—(—1)”) [ ce=ne]

b, = — for odd n, b, = 0 for even n 1—(—1)"is 2 or0.

The coefficients shrink only like 1/n, the
mark of a jump. Near each jump the

flz) ~ % (sin T+ % sin 3z + % sin 5z + partial sums peak at about 1.179 instead
of 1: an overshoot of about 0.179, or 9%
o ) of the jump of 2, which moves closer to

the jump but does not shrink as terms
are added.

Problem 3
Find the Fourier series of f(z) = z on —7 < = < 7, extended with period 27. What does the

series converge to at z = w/2 and at z = #?

a, =0 x is odd.
b, = 7% f Oﬂ xsinnx dr Twice the half-period integral.
m : dr = | — teosnz i T .
fO T SIMNT Ax = n 0 Parts with « = z, dv = sinnx dz. The

1 f” cos nz dr last integral is 0.
n JO

—1)" 2(-)"*!
= _¥, SO b, = ( n) cosnm = (—1)".
At 7 the periodic extension jumps from
xT ~ 2(sin T — % sin 2z + % sin3z — - ); it 7 down to —m, and the series takes the

average, 0: every term has sinnw = 0
(Mistake 3). At 7/2 the series reads
T =T 2(1— 3+ %—--+)=Z, whichis

ibniz' 1,1_ .. _r
Le1bn1zs1—3—i—5 = 1.

converges to 7 atz = 7 and to 0 at
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Problem 4
Find the Fourier series of f(z) = |z| on [-7, 7], and useitatz =0tofind }, lel)

z| is even. The constant term is & = 2
bp=0anday=2 [zdz=m U Y
1ts average.

an:%foﬁxcosnxdx:%{m%—i— .
cos m] m Integration by parts.
n? 0
2 ((_1)n_1) The sin term vanishes at both ends;
an = mn? cosnm = (—1)" and cos 0 = 1.
4 Mistaking cos n for 0 gives ——=; for
an = ——~ for odd n, 0 for even n every n (Mistake 4)
0— = 4 Z 1 At z = 0 the function is continuous, so
T2 mek>l (2k-1)° the series equals |0 = 0.
~ z _ 4 l
|x| ( cosz + g cos 3z + The coefficients fall like 1/n?, faster
2
3 COS 5 + - ) and > 2k v = F N than th.e square wave's: |z| has corners
1.9337 but no jumps.
Problem 5

Find the Fourier series of f(z) = 2* on [, 7]. Evaluateitatz = wtofind 3° _, L, and at
z =0tofind > Sy

n>1 n2

Even function, so b, = 0. The constant

2
: a T
term 1s 412 =3

2 fw 9 d 4(-1) Integrate by parts twice; only the term
an, = 2 [, z°cosnxdxr =
noomJo n’ 25T gurvives at the ends.
z? ~ + 4 -1 KTL cosS nT Assemble the series.

(—1)™cosnm = 1. The periodic extension
2
Atz =m: 7% = =443 L of z? is continuous at 7, so the series
equals 72 there.
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Atz=0:0="2 —4y U (=1)"cos 0 = (~1)".

D # _ %2 ~1.6449 and gf:L )2”“ _ The Basel sum. Writing a, instead of %
2 as the constant term breaks both
1z~ 0.8225 evaluations (Mistake 1).

Problem 6

Let f have period 4, with f(z) = 0for -2 < z < 0 and f(z) = z for 0 < z < 2. Find its Fourier
series, and the value the series converges to at z = 2.

L = 2, so the terms are cos 25% and sin 5%  The period is 2L = 4.

1 ffL, and f = 0 on the left half. The
ag = % f02 zdr =1 constant term % = 1 is the average of f
over a period.

2! (,1)",1! Parts with & = %: [m—smkz + M]Z =

1 2 nrx _ N k k2
an = 3 fo T cos 5o dr = —— (*_lkg
1 zcoskz]? _ (=", .
b — L 2, gip noe dz — 2(—1)""! 3 [ — T}o = —*=*; the sin kx term
n =35 Jo Tsin 5% dx .
nm vanishes.
fri_4 D L _AT | .
3 — 7% 2unodd 2 €08 T3 The cosine terms are the even part of f,
1 .
2y O gy nrz the sine terms the odd part.
™ n>1 n 2

f jumps from 2 down to 0 there, and

(24 0) = 1. Check: cosnm = —1 for
At z = 2 the series converges to 1 odd ngives 1 + 4. Z =1, using

Problem 4. Using T in place of 1 gives

the wrong average (Mistake 2).

Problem 7
Find the half-range sine series of f(z) = z(7m — x) on [0, 7], and evaluate it at z = 7/2 to find

1 1 1
l—gtg—mt-

Then the series has sines only, and on

Extend f to [—m, 0] as an odd function _ ,
[0, 7] it represents f itself.
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b, = 2 [ z(m — z) sinnz dz The odd-function formula.
b 4(1-(-1)" Parts three times, or split as 7z — z? and
n nd reuse the integrals of Problems 3 and 5.

The odd extension is smooth enough

b, = =2 for odd n, 0 for even
ool n " that its coefficients fall like 1/n3.

2 . .
Atz =7, f=T,andsin 57 is

1,-1,1,...forn=1,3,5,...

i
1

8

z(m —x) ~ 2(sinz + 5 sin 3z +

1

\ The first term alone already has nearly
—=sinbx + - - -), and the sumis 3; ~

the right height: its peak £ ~ 2.546 is

125
close to the true peak %2 ~ 2.467.

0.9689

Problem 8
Apply Parseval's identity to the series of * from Problem 5 to find }°, -, =4

4

. Joatde = e The left side of Parseval: L - 22,
T dJ—m 5 ™ 5

a (27r2 ) 2 5 The constant term's share, with ag =
2 —2\3) T 9 2’

N

3

an:‘“—;})—nandbnzo.

]
IS
S
I
]
ils

4 4 4
16> 4 = 2% - 2% = 84% Solve for the sum.
> 1 1.0823 Leaving out the %21 term gives Z—S ~ 2.435
nt 90 (Mistake 5).
Problem 9

Find the complex Fourier coefficients c, of f(z) = e® on —7 < z < w, extended with period 2.
Use the series at z = 0 to find )| A

n>1 1+4n?*

Combine e® and e~ 2.
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- e(l—in)w 76—(1—in)7r

o 27 (1—in)

e:Fimr — (_1)n

_ (=1)"sinh7
Cn = (1 i)
—1)"sinh 7 2
Cpt+cCcpn= D) :

ks 1+n?

sinh 7 -1)"
1= Th(1+2zn>1 (1+732>

The exponential rule with a complex
constant.

So the numerator is (—1)"(e™ —e™ ™) =
2(—1)"sinh .

For every integer n, including n = 0,

sinh 7

where ¢y = = is the average of e”.

At z = 0 every ™ = 1; pair n with —n,

: 1 1 2
SINCE 1= + o = T

e? is continuous at 0, so the series equals
el =1.

¢, = ST and Y C = (A -
1) ~ —0.3640

Problem 10

At z = 7 the series converges instead to
cosh 7, the average of e ™ and e™.

Find the periodic solution of y” + 4y = f(x), where f is the square wave of Problem 2, as a

Fourier series, and give its first three nonzero terms.

Tryy =), jqq Bnsinnz

(sinnz)” 4+ 4sinnz = (4 — n?)sinnz

(4 —n?)B, = = forodd n

By = 2 2~ 0.4244, B3 = — =+ ~ —0.0849,

T 150

Bs = — - ~ —0.0121
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The forcing has only odd sine terms, and
the equation maps sin nz to a multiple of
itself.

Differentiate twice.

Match the coefficients of sin nz on both
sides.

No odd n makes 4 — n* = 0: the forcing

has no sin 2z term, so there is no
resonance with the natural frequency 2.

4 —n?is 3, -5, —21.
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The B, fall like 1/n3, so the response is
far smoother than the square wave that
4 . 4 . 4 . drives it. Terms below the natural
Y= 37 SINT — 757 SIN3T — g5 SN ST — -+ frequency stay in phase with the forcing;
those above it come out with the
opposite sign.

Where this goes wrong

1. ao written as the constant term instead of ao/2
The constant term is taken straight from the coefficient formula.

17 2 22 : .
a =z [ x*de = Right so far: Problem 5.
The formula for a,, withn =0 has a 1
2 —1\" . .
“r? ~ 2% +4> % cosnz.” where the average needs 5=, which is
why the series starts with 4.

The right side is %2, not 0: the series is
shifted up by ’;—2 exgerywhere. With the
correct constant % it gives 0, and at z =
w the shifted series gives % instead of

2.

el
>

Atz =0:0=22 —4.

2, Dividing by t when the period is 2L
The coefficient formulas for period 27 are used on a function of period 4.

f=zon(0,2),00n (—2,0), period 4 Right so far: Problem 6.

For period 2L the factor is + = 1, and

nwe .

« 1 f2 cdp— 27 the arguments are “Z=: the = belongs
m inside the sines and cosines, not in
front.

The average of f over a period is
: f02 zdz = 1, so the right ao is 1. Even

The constant term is F = % ~ 0.318 X with the right arguments “7%, every
other coefficient is off by the same factor
2

™
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3. The series taken to equal f at a jump
The series of z on (—m, 7) is evaluated at z = 7 by plugging = into z.

_1\ntl
r~2) % sinnz on (—m, ) Right so far: Problem 3.

The series represents the periodic
“At £ = 7 the function is 7.” extension, which jumps from = to —= at

r = T.

Every term is sin nm = 0, so the series is
0 there: the average 1(r + (—m)), as
Dirichlet's theorem says. It equals = only
strictly inside (—, 7).

The series converges to r at x = 7 X

4. cos not taken as o
In the coefficients of |z|, the endpoint terms are evaluated with cos nw confused with sin nr.

2 | zsinnz + CcoS nx
™ n n? 0

ap = Right so far: Problem 4.

” sinnm = 0, but cosnm = (—1)", so the

(=D"-1
n?

“cosnm = 0, so the bracket is 0 — % bracket is

Then at z = 0 the series gives 7 — 2 -

%2 = I ~ 0.524 instead of |0| = 0. The

2
an, = ——= for every n X ) .
" ™™’ y right a,, is — -4, for odd n and 0 for even

n.

5. The ao term left out of Parseval's identity
Parseval is remembered as "the integral of f? is the sum of the squared coefficients", for n > 1.

4 1\
% f :T ztdx = 2% and a, = ﬂn—;L Right so far: Problem 8.

The constant term carries part of the
wort 16 » . . @ ont
=2 energy: the identity has 3+ = =- on the

right as well.

That cannot be right, since 1 +
A 1 1 .
er_(] ~ 2.435 X an% Py <1 -+ Zn22 =7 ;'v 1.645. Wlth
the 3 term the sum is 75 ~ 1.0823.

(]
§>|._.
I
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More at eulerpad.app. This is one of 82 free practice sets with worked solutions at eulerpad.app/practice,
alongside guides to the topics behind them.

EulerPad, the app, reads your handwritten math on iPad, iPhone and Android and checks it line by line. It's
free to start.

eulerpad.app/practice/fourier-series
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