Arithmetic and geometric sequences and sums

Ten problems on arithmetic and geometric sequences and their sums: a sequence from two of
its terms, the sum of the multiples of 7 between 100 and 500, the first sum past 1000, a
geometric sequence with a negative ratio, the derivation of the geometric sum formula, a
repeating decimal as a fraction, sums in sigma notation with shifted indices, the weights of an
exponential moving average and its bias correction, the sum of k x* and the mean of a
geometric distribution, and the monthly payment on a loan, with worked solutions and the
mistakes of counting terms as upper minus lower, summing a geometric series with |r| > 1,
putting the wrong digits over 999, bias-correcting with 1 — [ instead of 1 — B, and rounding the
number of terms down.

BEFORE YOU START

An arithmetic sequence adds the same number at every step and a geometric sequence
multiplies by the same number, and between them they describe straight-line growth,
compound interest, repeating decimals, the decay of an exponential moving average and
the first sums anyone meets in calculus. These ten problems find a sequence from two of
its terms, add up long stretches of each kind, derive the geometric sum formula rather
than quote it, and then use it where it matters: a repeating decimal, the bias correction in
the Adam optimizer, the mean of a geometric distribution and the payment on a loan. The
five mistakes at the end are the ones that give a confident wrong number: a sum in sigma
notation with one term missing, a divergent series given a finite sum, the wrong digits
over 999, a bias correction with the wrong power, and a number of terms rounded the
wrong way.

o Arithmetic. With first term a; and common difference d, the n-th term is a,, = a1 +
n(a1 + an)

5 : the number of terms

(n — 1)d, and the sum of the first n terms is S,, =

times the average of the first and last.

« Geometric. With first term a; and common ratio r, a, = a;7" !, and forr # 1, S,, =
ar(1—r"
M. Forr =1, S, = na;.

1 —r
. o . a
« Infinite geometric series. For |r| < 1,7" — 0 and S,, — 1—1 For |r| > 1 the
-Tr

terms do not shrink to 0 and the series diverges (with a; # 0).

o Counting. The n — 1 in a,, counts steps, not terms: from a, to a,, is n — 1 steps. A sum
S, has M — m + 1 terms.

« Sigma notation. Efi ., Ck N€ANS ¢y, + Cmy1 + - - - + cr. Substituting j = k — m shifts
the index to start at 0 without changing the sum.
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Problems

1. An arithmetic sequence has a5 = 23 and a1 = 51. Find d, a;, aformula difficulty
for a,,, and a4g.

2. Find the sum of all the multiples of 7 between 100 and 500. difficulty

3. For the arithmetic sequence 3,7, 11, ..., find S, as a function of n, difficulty
and the smallest n with S,, > 1000.

4. A geometric sequence has a; = 12 and a5 = —96. Find r, a; and S;. difficulty

a(1—7r") difficulty

5. Derive the formula S, = forr #1. Useittofind 1+ 2 +

4+ --- + 2% the grains of rice on a chessboard that doubles from one grain on the first
square.

6. Write 2.145 = 2.1454545 . .. as a fraction in lowest terms by summing difficulty
a geometric series.

7. Evaluate both sums, and write the second with its index starting at 0: ~difficulty

15

7
> (2k—-5) and ) 3.2°
k=2

k=4

8. An exponential moving average starts at vy = 0 and updates v; = difficulty
Bvi_1 + (1 — B)g:. Show that v; = (1 — B) 3%_, ' *gi. and that the weights add up to 1 —
Bt. With 8 = 0.9 and every g; = g, find v1o and the bias-corrected 919 = v19/(1 — 8°). How
many steps until the weights add up to more than 0.99?

9. Show that >7° | kz* = ﬁ for |z| < 1 by subtracting zT from  difficulty

T. Then find > ;- ; k/2%, and the mean number of trials 3" ,-, kp(1 — p)* ! until the first
success when each succeeds with probability p = 0.2.
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10. A loan of 20 000 dollars charges 0.5% interest per month and is difficulty
repaid in 60 equal monthly payments, each made at the end of a month. Find the payment
and the total interest.
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Answers
1.d=4,a1 =7,a, =4n + 3, agg = 163

2. 17157
3. Sy, = n(2n + 1) = 2n? + n; the smallest n is 23
4.7 = —2,a; = 3,53 = —255

1—r" .
5.8, = M; the board holds 264 — 1 ~ 1.845 x 10'” grains
- T

6. —
95

7.168,and Y7 12 - 27 = 756
8. v19 &~ 0.651 g, 919 = g; the weights pass 0.99 at t = 44

9.3 kzt = a _mw)z; S k/2% = 2; the mean is 1/p = 5 trials

10. Payment ~ 386.66 dollars; total paid ~ 23 199.36, so interest ~ 3 199.36 dollars
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Worked solutions

Problem 1

An arithmetic sequence has a5 = 23 and a2 = 51. Find d, a1, a formula for a,,, and a4.

7d =51—-23=28,s0d =14

a4 =23—4.-4=17

a,=7+4n—-1)=4n+3

agp =440 + 3 = 163

Fromterm 5toterm 12is 12 -5 =7
steps.

Walk back four steps from as.

The n-th term formula, simplified.

Check the formula: a2 = 48 + 3 = 51.

d=4,a1="7,a, =4n + 3, agy = 163

Problem 2

An arithmetic sequence is a straight line
sampled at whole numbers: a,, = 4n + 3
has slope d = 4, and any two terms fix
the line.

Find the sum of all the multiples of 7 between 100 and 500.

First: 7-15 = 105; last: 7 - 71 = 497

n="71—-15+1= 57 terms

100/7 ~ 14.3 and 500/7 ~ 71.4, so the
multiples run from 7 - 15to 7 - 71.

One term for each of 15,16, ..., 71.

Arithmetic with d = 7: number of terms
times the average of first and last.

(105 + 497) /2 = 602/2 = 301.

57(105 + 497)
Ss7 =
2
= 57301
17157
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This is Gauss's pairing: 105 + 497, 112 +
490, and so on all equal 602. With an
odd number of terms the middle one,
301 = 7 - 43, pairs with itself, and the
formula still holds.



Problem 3

For the arithmetic sequence 3,7,11,.. ., find S, as a function of n, and the smallest n with

S, > 1000.

a=3,d=4,a,=3+4n—-1)=4n-1

S — n(3+;1n—1)

2n24+n—1000=0atn =

n~ 22.11

Sog = 22 - 45 = 990; So3 = 23 - 47 = 1081

=n(2n+1)

-1+ /8001

4

The common differenceis 7 — 3 = 4.

First plus last is 4n + 2; halve it.

The quadratic formula, positive root.

v/8001 ~ 89.45.

S, increases with n, so check the whole
numbers on each side of the root.

S, = n(2n + 1) = 2n® + n; the smallest

The sum of an arithmetic sequence is
quadratic in n, as the area under a line is
quadratic in its length. The root 22.11

nis 23 must be rounded up: 22 terms are not
enough (Mistake 5).
Problem 4
A geometric sequence has a3 = 12 and ag = —96. Find r, a; and Ss.
a .
P = 26 _ 8,507 = —2 Three steps of the ratio separate term 3
as from term 6; a cube root keeps the sign.
12
a; = =3 as = air’.
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The sum formula with n = 8.

(—2)® = 256,and 1 — (—2) = 3.



r = —2, a; :3, Sg = —255

Problem 5
(11(1 — ’I“n)

Derive the formula S, =

Check by adding: 3 — 6 + 12 — 24 +

48 — 96 + 192 — 384 = —255. With an
even number of terms and » < —1, the
last, negative term is the largest in size,
so the sum is negative.

forr # 1. Useittofind 1 + 2 + 4 + - - - + 253, the grains of

rice on a chessboard that doubles from one grain on the first square.

Sp=a1+ar+---+ar"!
rS, = air +ar* + -+ + ayr"

S, —rS, =a; —ar"

a (1 —r")

Sn:
1—7r

Chessboard: a; = 1,r = 2, n = 64, so

The n terms, from ° to 7" *.

Multiply every term by r: the list shifts
one place.

Every term but the first of S,, and the
last of »S,, cancels.

Factor out S,, and divide by 1 — r, which
is allowed because r # 1.

1 — 964 64 squares hold 2° to 2%.
Seq = =201
1-2
The same sum is the largest unsigned 64
a(l—r" biti ¥
5 - 1( ) . the board holds bit integer, 18 446 744 073 709 551 615: in
1—r binary it is sixty-four 1s. For » > 1 the

204 — 1 ~ 1.845 x 10'? grains

Problem 6

form a,(r" — 1) /(r — 1) keeps both parts
positive.

Write 2.145 = 2.1454545 . . . as a fraction in lowest terms by summing a geometric series.

2.145 = 2.1 + 0.045 + 0.00045 + . ..
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Split off the part that does not repeat;
each repeat of 45 is two places further
right.



The tail is geometric with a; = 0.045 and

r = 0.01
.04 .04
Tail 0.045 :005
1-0.01 0.99
B 45 1
990 22

21 1  231+5 236

10 " 22 110 110

Each term is 1—(1]0 of the one before.

|r| < 1, so the infinite sumis a; /(1 — 7).

Multiply top and bottom by 1000, then
cancel 45.

Common denominator 110.

118
55

Problem 7

Check: 118/55 = 2.14545. . .. Every
repeating decimal is a geometric series
with ratio 107" for a block of p digits,
which is why every repeating decimal is
a fraction.

Evaluate both sums, and write the second with its index starting at 0:

15

D (2k—5)

k=4

First sum: 15 — 4 + 1 = 12 terms, from
2-4—-5=3t02-15—-5=25

12(3 + 25)

15
2k — =
k:4( k 5) 2

= 168

Second sum: j = k — 2 runs from 0 to 5,
and3-2F=3.2/"2=12.2/

12(26 — 1)

5 P
Y12 Y = —

=12-63 =756
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and Z 3.2k
k=2

The terms go up by 2 each time:
arithmetic with d = 2.

Number of terms times the average of
first and last.

Substituting & = j + 2 moves the shift
into the coefficient.

Geometric with a; = 12,7 = 2,and 6
terms.

Check: 12 + 24 4 48 + 96 + 192 + 384 =
756.



168, and Y7 (12 27 = 756

Problem 8

Before applying a formula, read off three
things from the sigma: the first term,
the ratio or difference, and the number
of terms, upper minus lower plus one.

An exponential moving average starts at vo = 0 and updates v; = fv;—1 + (1 — 3)g:. Show that
v = (1 —B) Y2, B *gi and that the weights add up to 1 — 4*. With 8 = 0.9 and every g, = g,
find v19 and the bias-corrected 9 = v19/(1 — 4'°). How many steps until the weights add up

to more than 0.99?

v, = (1 —B)g1,v2 = (1 — B)(Bg1 + 92),
and so on

v =(1-0) 22:1 B rgy,

Weights: (1 - 8)(1+8+---+6"1)

18

1-8 =1-F

—(1-5)-

V10 = (1 - 0.910)9 ~ 0.65139

065139

Y10 = "96513 7

0.9' < 0.0l when t > 2001 437
In0.9

Unroll the recursion from vy = 0: each
step multiplies the old terms by 8 and
adds a new one.

By induction: Sv;_; raises every power
by one, and (1 — 8)g; is the £ = ¢ term
with g°.

The powers gt * fork =t,t — 1,...,1,a
geometric sum of ¢ terms.

Problem 5's formula with a; = 1 and

r = 0.

With a constant input, v; is the total
weight times g; 0.91° ~ 0.3487.

Dividing by the total weight makes the
weights add up to 1.

Take logs; In 0.9 < 0 flips the inequality.

v10 =~ 0.651 g, 9190 = g; the weights pass
0.99att=44
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Starting from 0 biases the average
toward 0 by the factor 1 — 3¢, and
Adam's bias correction divides it out. By
t = 44 the factor is 1 — 0.9* =~ 0.9903
and the correction barely matters; with
B = 0.999, as for Adam's second
moment, it takes about 4600 steps.



Problem 9

o0 k_ T
Show that )~  ka"* = Aoy

5 for [z| < 1 by subtracting T from 7'. Then find } | k/ 2k,

and the mean number of trials }~.° | kp(1 — p)*~! until the first success when each succeeds

with probability p = 0.2.

T=x+2x2+323+...and 2T = 22 +
2x% + ...

T—aT=xz+z>+23+...

Multiply by z: each coefficient moves
one power up.

Coefficients k£ and k£ — 1 meet at each
power z*, leaving 1.

A geometric serieswitha; = z,r =z
and |z| < 1.

Divide by 1 — z. The series converges for
|z| < 1, since the ratio of consecutive
terms, £ [z, tends to |z < 1;s0 T'is a
finite number and the subtraction is
allowed.

Partial sums: 0.5, 1, 1.375, 1.625, . ..

Take one factor 1 — p outside, then step
qwithz=1—-p,1 -2 =p.

S kot = ﬁ; S k/2% = 2; the

mean is 1/p = 5 trials
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A sum whose terms are an arithmetic
sequence times a geometric one is called
arithmetico-geometric, and the
subtraction that proves the geometric
formula reduces it to a geometric sum.
The same answer comes from
differentiating ° z* = 1/(1 — z) and
multiplying by z.
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Problem 10
Aloan of 20 000 dollars charges 0.5% interest per month and is repaid in 60 equal monthly
payments, each made at the end of a month. Find the payment and the total interest.

After n months the debt has grown to Each month multiplies the balance by
L(1 + ¢)" with L = 20000, ¢ = 0.005 1+

Payment k has grown to P(1+4)***by  f is made at the end of month k and
month 60 earns interest for the remaining months.

. 60 . . .
59 Ni .(1+’L) -1 A geometric sum witha; = 1,7 =141
PY 1+ =P —i and 60 terms.
The loan is repaid when the payments,
grown to month 60, equal the grown
debt.

1+4)%0—1
R
p_ Li B 100
C1—-(144)% 1 —1.00560

Divide both sides by (1 + ¢)%°; Li = 100.

1.005% ~ 1.34885,s0 1 — 1.0057% ~
0.25863

One power, then its reciprocal.

Payment ~ 386.66 dollars; total paid 60 x 386.656 ~ 23 199.36. Simple

. interest on the full 20 000 for five years
~ 23199.36, so interest ~ 3199.36 would be 6 000; it is about half that

dollars because the balance falls as it is repaid.

Where this goes wrong

1. Counting the terms as upper minus lower
Asum Y;° , looks like it covers a stretch of length 15 — 4.

+>,(2k — 5) runs from 3 to 25 Right so far: Problem 7, step 1.

eulerpad.app
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The subtraction counts the steps
“There are 15 — 4 = 11 terms.” between k = 4 and k = 15, and there is
one more term than there are steps.

The sum has 15 — 4 + 1 = 12 terms and
equals 168. A quick check is to count a

11(3 + 25)
short case by hand: " _, has two terms,

S = =154 X

not one.

2. Summing a geometric series with |r| > 1
The formula a; /(1 — r) gives a number for any » # 1, and nothing in the arithmetic stops at the
condition.

> s (%)k is geometric with a; = 1 and

— 3
r =3

Right so far.

That holds only when |r| < 1, because
the formula is the limit of a4 (1 —
r™)/(1 — r) and needs " — 0.

“The infinite sum is first term over 1 — 7.

2»

A sum of positive terms cannot be

1-3/2 the partial sums 1,2.5,4.75, ... do too,

and the series diverges.

Zoo ( 3 ) k 1 negative. Here r" grows without bound,
k=0 \2

3. Putting the wrong digits over 999
The rule that a repeating block of p digits goes over p nines is remembered without the condition
that the block starts right after the decimal point.

2.145 = 2.1454545 . .. Right so far: Problem 6.

of them, so the fraction is 145/999.” Putting it inside the block repeats it too.

That is 2.145145 . . ., not 2.14545 . . .. Split

2.145 = 2 + % X off the part that does not repeat first:
999 45 118
214+ — = —.
990 55
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4. Bias correction with 1 —  instead of 1 — 3
The update has a 1 — 8 in it, and dividing by the same factor looks like the way to undo it.

vy = (1 —0.91%)g ~ 0.6513 ¢ Right so far: Problem 8, step 5.

The 1 — 3 in the update is already
“The average is scaled by 1 — 3, so divide  palanced by the sum of the powers of 3;
by1l-—3." what is missing is the weight on the
steps before t = 1, which is 3.

That is more than six times the true

o average. The total weightis 1 — 3

U0 =T 09 > 6.51g X (Problem 8, step 4), and dividing by it
gives 9,, = g. With 1 — 8 the estimate
tends to 10g instead of g as ¢t grows.

5. Rounding the number of terms down
The quadratic formula gives a decimal, and rounding to the nearest whole number is the usual
reflex.

2n2 +n = 1000 at n ~ 22.11 Right so far: Problem 3, step 4.

“Round 22.11 to 22.” The question asks for S,, > 1000, and S,
increases, so n must be at least the root.
Soo = 990, still short of 1000. The
smallest n is 23, with S>3 = 1081. When
the answer must exceed a threshold,
round up and check both neighbors.

n=22X

More at eulerpad.app. This is one of 82 free practice sets with worked solutions at eulerpad.app/practice,
alongside guides to the topics behind them.

EulerPad, the app, reads your handwritten math on iPad, iPhone and Android and checks it line by line. It's
free to start.

This set is also Chapter 20 of Calculus I & II, a 250-problem workbook with worked solutions:
eulerpad.app/workbooks

eulerpad.app/practice/arithmetic-and-geometric-sequences
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